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This work deals with effects of asymmetric stiffness on the dynamic behaviour
of the rotor system. The analysis is presented through an extended Lagrangian
Hamiltonian mechanics on the asymmetric rotor system, where symmetries are
broken in terms of the rotor stiffness. The complete dynamics of asymmetries of
rotor system is investigated with a case study. In this work, a mathematical model
is developed considering symmetry breaking of a finite rotor due to stiffness. The
natural frequency and amplitude of the rotor are obtained analytically through
extended Lagrangian formulation. The asymmetries in rotor are also modeled
through bond graph modeling technique for the computational analysis. The
simulation result shows a considerable agreement with the analytical results. The
limiting dynamics of rotor is shown and analyzed through simulation.
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1. Introduction
Rotor is generally considered as one of the most
important components in large rotating
machineries such as generators, power plants
turbines and aero industries. The presence of
any type of defects (such as cracks, notches,
slits, asymmetries) in any structure and machine
may lead to catastrophic failures. So, there is a
great need to study such flaws or defects so that
necessary corrective or preventive actions may
be taken. The initiation of fatigue cracks or
other defects in structures or machines or their
elements mainly causes a reduction in stiffness,
which generally changes the dynamic
characteristics of the machines. A detailed
study of the vibrational behavior of a cracked

rotating shaft is an important and interesting
problem for engineers working in the area of
rotor dynamics. The rotating shaft has a
discontinuous stiffness value, so the system is
piecewise linear, exhibiting non-smoothness in
the vector field. A great deal of research effort
has been devoted by several researchers to the
study of non-linear response of asymmetric
rotor and its variation with system parameters.
Among the various analytical techniques and
methods used by various researchers,
Lagrangian mechanics is one of the areas,
where several works have been reported in
literature. It is a well known phenomenon that
an asymmetric rotating component produces
non potential and dissipative forces, and the
classical Lagrange's equation cannot analyze
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the dynamics of such system with non
holonomic constraints, non-potential forces,
dissipative forces, gyroscopic forces and
general class of systems with time fluctuating
parameters. As such Lagrangian cannot be
worked out due to non-conservative forces
involved in the system. So some additional
information of system interior and exterior is
needed in generating extended Lagrangian
equations [1- 3], which may be applicable to an
asymmetric rotor system.
In classical mechanics, the greatest advantage
of Lagrangian formulation is that it brings out
connection between conservation laws and
important symmetry properties of dynamical
systems. However, it suffers a lot due to its
inherent limitations in presence of time
fluctuating parameters, general dissipation and
gyroscopic coupling. Several authors made
attempts to enhance the Lagrange’s equation in
their several ways to incorporate all these
influences of dissipation, constraints of nonconservative dynamical system and show the
connection between symmetries and existence
of conserved quantities, and thus finding
invariants of motion of dynamical systems.
Some significant works in this area were
reported by Vujanovic [4, 5] and Djukic [6, 7]
in their papers. Vujanovic [4, 5] has formulated
a method for finding the conserved quantities of
non-conservative holonomic system, which is
based on the differential variational principle of
D’Alembert.
Knowledge of conservation laws (First integrals
invariants, constant of motion) is of great
importance in the study of dynamical systems
such as rotors. One of the most interesting
aspects of conservation laws is their
relationship to invariance properties [8, 9] of
dynamical systems. The symmetries of the
system also provide useful information to
derive the constant of motion of the system as
they reduce the complexity of the dynamical
systems such as cracked rotor. Noether’s
theorem [10] played a significant role in
determination of invariants of motion.
Noether’s theorem allows exploitation of
symmetries of the system to arrive at invariant
of motion. Extended Noether’s theorem with
Umbra's Hamiltonian provides the useful
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insight of dynamics of the asymmetric rotor
systems.
To overcome all these limitations and enlarging
the
scope
of
Lagrangian-Hamiltonian
mechanics, a new proposal of additional time
like variable ‘Umbra-time’ was made by
Mukherjee [11] and this new concept of
Umbra-time leads to a peculiar form of
equation, which is termed as Umbra-Lagrange’s
equation. A brief and candid commentary on
idea of Umbra Lagrangian is given in various
references [12, 13]. This idea was further
consolidated by presenting an important issue
of invariants of motion for the general class of
system by extending Noether’s theorem [14].
This notion of Umbra-time is again used to
propose a new concept of Umbra-Hamiltonian,
which is used along with the extended
Noether’s theorem to provide an insight into the
dynamics of systems with symmetries. One of
the most important insights gained from the
Umbra-Lagrangian formalism is that its
underlying variational principle [15] is possible,
which is based on their cursive minimization of
functionals. Once such a least action principle is
established, many significant results of
analytical mechanics may be extended to a
general class of system. The Umbra-Lagrangian
theory has been used successfully to study
invariants of motion for non-conservative
mechanical and thermo-mechanical systems
[16] and also for continuous systems [17].
Recently Mukherjee et al [18] applied UmbraLagrangian to study dynamics of an electromechanical system comprising of an induction
motor driving an elastic rotor. The basic aim of
this research work is mainly focused on
extending
the
Lagrangian-Hamiltonian
mechanics for asymmetric rotor system, where
symmetries are broken in terms of asymmetries
in stiffness, mass or in damping. This is in line
to broaden the scope of Umbra-Lagrangian
formulation applied to this rotor dynamic
research.
In this paper, symmetry of the rotor is broken in
terms of stiffness only, which may further be
applied in similar cases also.
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2. Methodology
In several papers, Mukherjee et al. [15- 18]
introduced a concise and modified form of
Lagrange’s equation. They manifested the use
of this new scheme to arrive at system models
in the presence of time fluctuating parameters,
general dissipation and gyroscopic couplings
etc. In this scheme, real and virtual energies (or
work) are separated by introduction of an
additional time like parameter, which is termed
as ‘Umbra-time’. The prefix ‘Umbra’ was
appended to all type of energies, and
corresponding Lagrangian was termed as the
“Umbra Lagrangian”. The basic idea presented
in leading to Umbra-Lagrangian and UmbraLagrange’s equation has been briefly expressed
in Ref. [15].
The broad principle on which the creation of
Umbra-Lagrangian and other relevant energies
are based can be summarized in Ref. [15] and
Umbra-Lagrange’s equation [15, 16] for a
general class of systems may be written as:

L 
L
 0,
Lim 
  Lim
 t q i     t q i  
for i  1... n .
d
dt

The Umbra-Hamiltonian [23] may
represented as
H  q  , p , q t , q t , t   q   p 
,
 L q  , q  , q t , q t , t 

(1)
be

The Umbra-Hamiltonian H  is composed of
two components as H i and H e . H i is the
interior Hamiltonian, which does not depend on
any function of real displacement, real velocity
and real time, and H e is the rest of the UmbraHamiltonian, called the exterior Hamiltonian,
thus:
H



H i

q  , p 

 H e

 dH  
Lim 
 0
 t  d 

(Theorem 1)
 dH  
dH i
  Lim  e 
dt
 t  d 



(Theorem 2)
Corollary of Theorem 2
 dH e 
 0,
 t  d 



If for a system Lim 

then H i qt , pt  is a constant of motion.
Noether’s theorem [10] states that, if the
Lagrangian of a system is invariant under a
family of single parameter groups, then each
such group renders a constant of motion. The
extended Noether’s theorem, as discussed in
papers [15, 16], may lead to a constant of
motion, or trajectories, on which some
dynamical quantity remains conserved.
The Umbra-Lagrangian may be defined on
extended manifold, which consists of real
displacements and velocities as well as Umbradisplacements and velocities and real time [15],
i.e.
L  L t , q t , q t , q  , q  

(2)
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q  , p , q t , q t , t .

(3)
The two theorems of the Umbra-Hamiltonian
[15] may be given as

Here, the super dot (  ) denotes a derivative
with respect to real time or Umbra time,
depending on the context. Unlike the classical
formulation, this analysis requires single but
extended manifold comprising of both Umbra
and real displacements and velocities and real
time. The Umbra-Lagrangian of a system
admits several one-parameter transformation
groups, and then the infinitesimal generator [19,
20] corresponding to jth parameter (or group)
may be decomposed as follows:
j
V j  Vj  V t ,where j  1...m

(4)

The general forms for Vj and Vt j would be:
n

Vj   
i 1

j ,i


q i  

n

 
i 1

j ,i


q i  

,
(5)
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n

and Vt j   

j ,i

i 1

n

 
q i t  i 1


,
q i t 

j ,i

(6)
where  j , i ,  j ,i 

j ,i

d
,
d

j,i

and  j , i 

d j ,i
dt

are the general functions of Umbra and real
displacement and real time. The fact that the
given the Umbra-Lagrangian is invariant under
the jth transformation may then be expressed as:

V L   0
j



(7)
Using Eq. (1) along-with Eq. (5) and (6) in the
previous Eq. (7), the extended Noether’s
theorem may be obtained and written as


n L
Vj q i     Lim V t j L ,
Lim  
 t
 t i 1 q i  

with j  1...m.

  

d
dt
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approximate the rotor by two discrete pairs of
equivalent springs and dashpots in the two
orthogonal transverse directions. Such dampers
include external damping and a part of the
internal damping. The additional circulatory
forces due to the internal damping are
introduced using modulated gyrator elements in
the bond graph model. The twisting of the shaft
is assumed to be negligible on account of high
torsional stiffness. However, more refined
model including the twisting effect may be
considered as this extension will retain SO (2)
symmetry of the system and may be analyzed in
a similar manner. As no unbalance on the disk
is assumed, at steady state, the torsional
dynamics will be completely redeemed on
account of torsional damping. Hence in this
analysis, the torsional dynamics have been
ignored.

(8)
In terms of the differential one-forms dq i and
dL , the above relation may be expressed as:

d
dt


 n L
dq i   Vj
Lim  
 t  i 1 q i  

  =


  

 Lim dL V t j ,
 t

(9)
The term on the left-hand side is the classical
Noether term while the term on the right-hand
side is additional and termed here as
modulatory convection term, which is useful to
find the insight of the dynamics of the rotormotor system.
3. Development of model with asymmetries
using extended Lagrangian-Hamiltonian
mechanics
Let us consider a rotor with internal and
external damping and transverse stiffness due to
flexure of the shaft driven by a dc motor [21] as
shown in Fig. 1. Small asymmetries in stiffness
are also considered in the model. As mass of
the shaft carrying the disk is ignored when
compared with that of the disk, one may
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Fig. 1. Rotor with DC motor having asymmetries
in stiffness.

The bond graph model of the system in Fig. 1 is
shown in Fig. 2 with usual causal orientation
suitable for derivation of system equations and
simulation (for details see Ref. [18]). The flow
activated C element appended to bond 2 (C2) is
only an observer to record the total rotation of
the shaft and the rate of rotation, otherwise has
no influence on the dynamics of the system.
3.1 The Umbra-Lagrangian for asymmetric
rotor system
The Umbra-Lagrangian for the system is
obtained following the procedure outlined in ref
[15]. The Umbra-Lagrangian corresponding to
the bond graph model shown in Fig. 2 is
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i
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(10)
In Eq. (10), m is the mass of the rotor, K is the
stiffness of the shaft, K is the asymmetry in
stiffness. J is the moment of inertia of the
rotor mass, Ri and Ra are the internal and
external damping of the rotor, x and y are the
displacements in real or Umbra time,  is the
angular displacements in  or t times, and Rb
is the resistance of bearings.
Applying the extended Noether’s theorem, one
may obtain the Noether’s rate equation as

d  m ( x ( t ) y ( t )  y ( t ) x ( t ) 

dt    K ( y ( t ) x ( t )

2
2
   ( t ) R ( x ( t )  y ( t ))
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d
m( x (t ) y(t )  y (t ) x(t )  K ( y(t ) x(t )  0
dt

(13)
   Symmetric   Unsymmetri c  

The Eq. (13) may have two important terms, if
unsymmetric part is put to be zero, i.e. there is
no asymmetry in stiffness, one may obtain
invariants of motions as:
d
m( x (t ) y(t )  y (t ) x(t )  0
dt

(14)

3.2 The Umbra-Hamiltonian for asymmetric
rotor system
Considering Eq. (3), the Umbra-Hamiltonian of
the system may be written as
  p 2   p 2y   



  x


1  m xx
m yy 

H   

2

1 2
2
2

Kx





K


K

y




p






J




0
R i t   x   
 x   y   

 Hi
 t 

R

0   y  
i

 R a  R i   x t x    y t  y  

 

 R i  x t  y t   y t x t 


   H e

  R b  t   




i

 



 ( R a  R i )( x ( t ) y ( t )
 x ( t ) y ( t ))

(15)
(11)

 
H e

and exterior Hamiltonian as
.
Applying the theorem 2 of Umbra-Hamiltonian,
one may obtain:

One may assume an orbit of
x(t )  A cos t , y (t )  A sin t ,

to obtain:

 d H e 
 x   y t  
Lim 
 Rit 


 t
 y t x t 
 d 
 Ra  Ri  x 2 t   y 2 t 

 (t ) Ri A 2   A 2  ( R a  Ri )

 ( R a  Ri )
(t ) 
Ri
R
So (t )   (1  a )
Ri

 

The Eq. (15) has interior Hamiltonian as H i



(12)

The Noether’s rate equation comes out to be



Ri  xt  y t   y t x t  

 t 
t   

R

b







123

JCARME

Chandan Kumar et al.

Vol. 1, No. 2, March 2012

Fig. 2. Bond graph model of rotor with asymmetries in stiffness with DC motor and artificial flow sources
to obtain Umbra-Lagrangian.

Assuming once again an orbit

when:

xt   A cos t and y t   A sin t ,
d H  
i
Lim 
  0,
 t  d 



one may obtain

 d H e 
Lim 
  Rit  A 2

 t
 d 
 Ra  Ri A 2  2
 R A 2  R t    t 



i

b



one obtains the following expression

{ A}



{B}

Setting {A} equal to zero yields
 R 
t    1  a 
Ri 


and setting {B} equate to zero gives the
amplitude of rotor

A

Rb
Ri 


 R a 

   1 
Ri 



 p 2   p 2y   

  Kx2   

 x
d  mxx

m yy 

 0
dt 

1
2
2
 K  K  y    p  
J


Now putting
p x t   m xx x t  , p y t   m yy y t  and
p t   Jt 

(16)

in Eq. (17), one may obtain the equation as
( m x  Kx ) x  ( m y  Ky   Ky ) y  0
(mx  Kx ) x  {my  ( K  K ) y} y  0
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The two types of frequencies are available in
Eq. (18). Adopting the method as provided in
Ref [22], one may obtain the natural frequency
in x-x direction if symmetry part is there, one
may have
K
m

 xx 

(19)

If unsymmetric part is there, one obtain the
natural frequency in y-y direction
 yy 

K  K
m

(20)

the final natural frequency, may be represented
as:
2 

 2 xx   2 yy
2

K  K
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2

(21)

m

The result obtained in Eq. (21) will be validated
through simulation in later subsections of the
paper.
4. Simulation study
The main purpose of this study is to gain an
insight into the dynamical behaviour and
visualizing the electromechanical interactions
of asymmetric rotor. Moreover, it provides
validation of the theoretical results obtained
above. The bond graph model of a motor with
asymmetric rotor with internal and external
damping was simulated on the software
SYMBOLS-Shakti [23, 24], with parameters
shown in Table 1. In order to show
effectiveness of the analysis described above, a

or:
Table 1. Simulation parameters.
Parameter
K
m
J
Ri

Value
100 N/m
1 Kg
1 Kg-m2
5 N-s/m

Ra

5 N-s/m

Rb

ΔK

0.2 N-s/m

Fig. 3. Amplitude of the rotor Vs Asymmetries in,
stiffness.

22 rad/s
2-10 N/m

Fig. 4. Frequency of the Rotor Vs Asymmetries in
stiffness.
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Fig. 5. Amplitude of the rotor Vs excitation
frequency with different stiffness variation.

series of parameter variation studies are
performed. The dynamic behaviour of such
rotor-motor system is governed by the rotor
mass, shaft stiffness, internal/external damping,
excitation frequency and bearing resistance.
The system is extremely sensitive to all these
parametric variations. The parameters for
simulation of the model are given in Table 1.
Using the parameters given in Table 1, the
threshold speed of instability becomes twice the
natural frequency of the shaft.
It can be seen from the plot of Fig. 3 that the
amplitude of rotor at different stiffness variation
confirms to the analytical results obtained in
this paper. There is a marginal difference in
simulated and calculated value of rotor
amplitude at different stiffness variation. A
similar behaviour is also observed in Fig. 4,
where calculated frequency exactly matches
with the simulated frequency obtained. A
general trend of reduction in the natural
frequencies at various stiffness variations is
observed.
The plot of Fig. 5 shows the simulated value of
rotor amplitudes at various excitation
frequencies with stiffness variation. The
amplitude of the rotor increases with increase in
stiffness variation. Good agreement between
analytical and numerical simulation results can
be stated. Here again the vibrational behavior
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Fig. 6. Threshold frequency Vs time with
different stiffness variation.

of the analytical rotor can be approximated very
well by the numerical simulation.
The following diagram presents some more
insight of the numerical simulation. It is
apparent from the Fig. 6 that the threshold
frequency of the rotor decreases with increase
in K and conforms to the angular speed
obtained through Eq. (12). This is basically the
frequency at which the asymmetric rotor is
spinning in actual. The phenomenon is of great
use for monitoring the cracks in rotor system.
5. Conclusions
The asymmetries of the rotor in terms of
stiffness variation were analyzed through an
extended Noether’s theorem, to obtain
invariants of motion of asymmetric rotor
system. The limiting behaviour has been
observed for an electro-mechanical system,
consisting of an asymmetric flexible shaft that
is having asymmetries in stiffness only. Similar
asymmetries in mass and damping may also be
attempted by this method, which presents a
novel method to obtain frequencies and
amplitude analytically. The stability issues may
also be attempted by this procedure. The
Umbra-Lagrangian for such a system was
generated from its bond graph model. Analysis
has showed that the Umbra-Lagrangian for such
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asymmetric system remained invariant and
along with Umbra-Hamiltonian, lead to some
significant aspects of the limiting dynamics of
this complex asymmetric rotor-motor system.
The results obtained theoretically have been
verified through simulation results.
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